Following the deformed boson scheme leading to the su(1, 1)-algebra, a certain simple boson system is deformed in the framework of the second Holstein-Primakoff 1 typeset using P T P T E X.sty <ver.1.0>
The q-deformation provides us an attractive concept for understanding many-boson systems. However, if the quantity [x] q characterizing the deformation is restricted to the form 3), we gave two simple applications mainly related to the su(2)-algebra. In this note, we present a simple application related to the su(1, 1)-algebra, which enables us to describe the damped and the amplified oscillation in relation to thermal effects.
Three of the present authors (A.K., Y.T. and M.Y.) investigated thermal effects appearing in various su(2)-algebraic models. For the above-mentioned aim, we adopt a many-boson system consisting of two kinds of boson operators (c,c * ) and (d,d * ). The Hamiltonian which concerns us is given in the form
Here, ǫ, ω and χ denote real parameters. In associating with the form (1b), we note the
Here, ζ denotes a real parameter and, later, it is regarded as infinitesimal. In Ref.
3), we used, in the present notation,c * c =c * 
Here, n 0 denotes a positive integer. The commutation relation ofγ andγ * is obtained in the form
The second Holstein-Primakoff representation of the su(1, 1)-algebra, which was called by the present authors in Ref.
3), is given as
We do not deform the boson (d,d * ). Under the above scheme, we perform the deformation for the Hamiltonian (1a), which is formally written as
For the deformation ofH c , the relation (2a) is useful. In the present case, the relation (2a) leads us to
As is clear from the relation (3), (N/n 0 − 1) should be positive definite and, then, at the limit
Then,H (def) c is written in the form
As was already mentioned, we do not deform the boson (d,d * ). Therefore, we havȇ
The above is the present deformed Hamiltonian. The term, −ǫ(n 0 + 1), inH
plays a role of shifting the value of the energy and does not give any influence on the dynamics.
It may be self-evident that the Hamiltonian (6) is treated in the orthogonal set {|n 0 + 1 + n ; n = 0, 1, 2, · · ·} :
Clearly, concerning the boson numberN (=c * c ), the minimum value is (n 0 + 1). Therefore, it may be convenient to describe the boson number in terms of the minimum value plus its fluctuation. For this aim, the idea of the MYT boson mapping 9) is available. The mapped space consists of the orthogonal set {|n ; n = 0, 1, 2, · · ·} :
Of course, (α,α * ) denotes the boson operator. Then, we define the mapping operator U in the form
The operator U presents us the relation
The operatorc * c is mapped on the form
Further, for the set {T − , T + , T 0 }, we have
It may be clear that the form (14) comes up to our expectation. The operatorN describes the fluctuation. The set {T − ,T + ,T 0 } denotes the first Holstein-Primakoff representation of the su(1, 1)-algebra, in which the magnitude of the su(1, 1)-spin is (n 0 + 2)/2. This form was also discussed in Ref.
3). Thus, the Hamiltonian mapped from the form (6) can be expressed as follows :
For the Hamiltonian (16a), the following picture can be drawn : Let us imagine that the external environment, such as heat bath, is described by the boson (d,d
* ). The harmonic oscillation described by the boson (c,c * ) may be damped or amplified in terms of the interaction to the external environment which is assumed to be extremely big system. 
Then, the boson (α,α * ) is redefined in the form
With the use of the relation (17) and (18), the Hamiltonian (16a) can be modified in the following form :
The Hamiltonian (19a) is essentially of the same form as that derived in nuclear su(2)-models in the Schwinger boson representation for the su(1, 1)-algebra.
4) The Schwinger representation for the su(1, 1)-algebra is given aŝ
+ =b * â * ,T the time-evolution of the system described in terms of the Hamiltonian, which is essentially the same as that shown in the form (19a), was investigated in the framework of the time-dependent variational method.
5) The prototypes of these investigations can be found in several papers. 6), 7) The time-evolution of many-body systems including the problems discussed in Refs. 6) and 7) are reviewed by the present authors.
8)
As a trial state for the variation, in Ref. 5), the following wave packet was adopted :
Here, U and V denote real and complex parameters, respectively, satisfying
The quantity W is also complex and (2|W | 2 + 1)/2 plays a role of the magnitude of the su(1, 1)-spin, such as (n 0 + 2)/2. It should be noted that the state |m) obeys the condition
The wave packet (21a) is translated into the following form, |c , in the case of the HolsteinPrimakoff representation for the su(1, 1)-algebra :
Here, u and v denote real and complex parameters, respectively, obeying
In the case of the Schwinger representation, there exist infinite possibilities for selecting the state |m) and, in Ref. 5), the form (21b) was adopted. However, in the present case, the state obeying the condition (23) is uniquely given as |m = |0 .
The time-dependence of v can be determined through the time-dependent variational method for the system under investigation. The state |c is rewritten in the following form :
The state |n is given in the relation (11) . With the use of the canonicity condition,
can be parametrized in terms of the canonical variable (α, α * ) in the boson type which obeys
The parameter (v, v * ) is given by
The expectation values of the operators composing the Hamiltonian (19a) are obtained as
We can see that, in the Poisson bracket relation (28), the expectation value (30) is classical counterpart of (T − ,T + ,T 0 ). Under the above preparation, the Hamilton equation for the expectation value c|Ĥ|c as the classical Hamiltonian can be solved and the solutions are classified into the following three groups :
the solution is expressed in terms of trigometric function for
2) ǫ 2 = η 2 : the solution is expressed in terms of quadratic function for ǫt ,
3) ǫ 2 < η 2 : the solution is expressed in terms of hyperbolic function for
The details are found in Refs. 5) and 8).
In Ref. 5), thermal effects observed in the su(1, 1)-algebraic model were investigated. Of course, the basic idea comes from the prototype of the investigation.
7) The viewpoint was as follows : Presupposing that the wave packet (21a) expresses the statistically mixed state, the entropy can be introduced in the present system and, various quantities characterizing thermal effects can be calculated. In this paper, we borrow the above viewpoint. If we stand on this point, the quantity |σ n | 2 appearing in the relations (26) and (27) denotes the statistically mixed weight for the pure state labeled by n. Then, the entropy σ in the standard form is given as
Of course, |σ n | 2 is given as
In principle, we can calculate the entropy directly by the form (33). However, it may be impossible to provide a systematic method for the calculation of the part of the logarithm.
Then, we borrow the form presented by Tsallis 11) as a tool for the calculation of the entropy (33). With the relation to the standard form (33), Tsallis' form is given as
For the calculation of σ(q) in terms of the power series expansion for the parameter (n 0 + 1), the following formula for (n 0 + 1) is useful :
Here, f k (n) obeys the recursion formula
For example, we have
Straightforward calculation based on the formula (37a) leads us to the form 
Substituting the relation (39) into the form (38) and calculating the limit (36), we have the following form for the entropy :
The above is expressed in the frame of the quadratic for (n 0 + 1). On the other hand, the entropy calculated in the wave packet (21a) is given in the form 8)
